Mathematical modelling, Exam 2

5. 7. 2019

1. The system of equations 2z —y + 2z = 3 and —z + 2y — 2 = 1 can be
expressed in the form Ax = b.

(a) Find the Moore-Penrose inverse of A, AT.

(b) Describe the property uniquely characterizing the point A™ with
respect to the system.

(c) Construct any single matrix, which has the following matrices as

thirnrlidinr'32000032
eir generalize veses.1_100,001_1.

Solution.
(a) The matricial form of the system is the following:
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Since rank A = 2, also rank(AAT) = 2 and hence Al is equal to

2 —1|r -1
Al = AT = (1 2 | |8 7D
R N A
2 1]y s
- - 2| |5 ]
1| L1

(b) Since A € R?*3 and rank A = 2, it follows that the system Az = b
is solvable and the kernel of A is one-dimensional. Hence, there
is a one-dimensional family of solutions of the system Ax = b.
The vector A'b is the solution of the system of the smallest norm
among all solutions.



(c) The matrix A is of size 4 x 2. By construction of some generalized

inverses, the matrix
3 2 00
1 -1 00
is a generalized inverse of any matrix of the form
3 2]
1 -1 ,
X
where X € R?*? is any matrix, and the matrix

003 2
001 -1

is a generalized inverse of any matrix of the form

Y
3 217,
1 -1

where Y € R?*? is any matrix. Hence,
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2. Given the parametric curve (t) = [2cos(t), 2sin(t), —]:
(a) Sketch/describe 7.

(b) Parameterize v with a natural parameter.
(c) Find the length of v between points (2,0,0) and (2,0, 27).

Solution.

(a) The sketch of 7 is the following:



(b) The natural parameter s(¢), which measures the arc length be-

tween the points v(0) and ~(t) is

t t
s(t)—/ W @) du—/ I(=2sinu, 2cosu, —1 du
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t
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0
t
:/ V5 du = 5.
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Hence, t(s) = = and the parametrization of the curve with the

natural parameter s is

- (o) 2= ()5

(c) The point (2,0,0) corresponds to ¢ = 0, while (2,0,27) to t =

—27. Hence, the arc length between this points equals by symme-
try to s(27) = 27V/5.



3. Find the solution y of the differential equation 2%y’ + zy + 3 = 0 with
the initial condition y(1) = 1.

Solution. First we solve the homogeneous part of the DE:
dy dx
Y

2y +ry=0 = —Inly| = In|z| +k

= yh(x) = T

where k, { € R are constants. Now we have to determine one particular
solution. By variation of constants the form of the particular solution
is

K(x)

yp(x) = r

where K (z) is a function of x. Thus,

_ K'(z)x — K(z)

T2

Yp(x)
and plugging (1) into the initial DE we get
K’ - K K
o K@ K@) | K@)

3=0
x? x *
Equivalently,
K'(z)z 4+ 3 =0. (2)
We solve the DE (2) by separation of variables:
dK  dx 1 1
——=— = —sK=1 = K=lh—
3 1 g i =1zl P

Since in the initial conditin z > 0, we have K = In -5 and y,(z) =
In x—l?, : % So, the general solution of the DE is

V(o) = ) 4 le) = (K +1n g ) 1

T T

The solution which passes through the point (1,1) is

K| =

1
y)=1=K+hl = K=1 = y(x):<1+ln—3)
x



4. Solve the following system of differential equations:
2'(t) = —2x(t) + 5y(2),
y'(t) = x(t) + 2y(t),
with the initial conditions z(0) = y(0) = 1.
Solution. The matricial form of the system is the following:
{x’(t)] B {—2 5} {x(t)}
y'(t) 12 [y
A

We compute the eigenvalues of A:
—2—-X 5

1 2—A
=N —-9=(\-3)(A+3).

det(A—MQ):det[ }:(—2—/\)(2—)\)—5

Thus the eigenvalues are \; = 3 and Ay = —3. The kernel of
30 -5 5
A_{o 3]:{ 1 —1}
!
Uy = 1 .
-3 0 15
A_{ 0 —31_{1 51

uz—[—f’].

So, the general solution of the system is

1 _ )
F R H RS

contains the vector

The kernel of

contains the vector



where C7 and Cy are constants. The solution, which satisfies z(0) =
y(0) =1, is:

Cl|:1:|+02|:_15:|:|i1:| = 01—502:1, Cl+02:1

= 01:1702:0.



